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THE RISK-SENSITIVE HOMING PROBLEM

JONATHAN KUHN,* University of Cambridge

Abstract

The ‘homing’ optimal control problem, described in Whittle and Gait (1970),
is given a risk-sensitive formulation. It is shown that the reduction of an
optimally controlled homing problem to the treatment of an uncontrolled
process, demonstrated by Whittle and Gait, can be achieved in the risk-sensitive
case. Two scalar problems are analyzed in detail.

OPTIMAL HOMING; FIRST PASSAGE

1. Introduction

1.1. Risk sensitivity. Let C be the cost and 6 a parameter that measures the
risk sensitivity of an optimizer. The optimizer chooses a policy 7 to minimize the
following risk-sensitive cost criterion:

(1) y(m, 8)=(=1/8)log E. (exp(— 6C)).

When 6 is positive or negative, this function is said to be risk-seeking or
risk-averse respectively. As 6 tends to 0, y(w 8) reduces to E.(C), the
risk-neutral criterion. Refer to Whittle (1982) and Bertsekas (1976) for further
information on this criterion and on the topic of risk.

1.2. The homing problem. The aim of the homing problem is to minimize
cost incurred up to a time 7 of first entry into a termination set D, a prescribed
subset of state space X, The particular additive form of the cost function
assumed in this paper is

= L gl d+ Kx(r)) . (x()ED)

(&) C=K(x(7)) (x(r)ED)

where ¢ is time (t €ER), x(t) is the state variable at time ¢t (x ER"), u(t) is the
control variable (1 ER™), g is the instantaneous cost function and K is the
termination cost function. If the process begins outside the termination set, then
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the costs incurred consist of an integral of instantaneous costs from when the
process starts to when it enters K, at which instant a termination cost K is
added. On the other hand, if the process begins inside the termination set, then
only the termination cost K is incurred by the process.

The risk-neutral homing optimization problem consists of determining a
sequence of controls u (or, equivalently, policy 7) which minimizes E, (C) with
C given by (2). In this paper we treat the risk-sensitive homing problem in which
the optimizer seeks a policy 77 minimizing the criterion defined by (1) and (2).

2. The risk-sensitive homing problem

It is shown how an optimally controlled risk-sensitive homing problem can be
simplified, under certain conditions, to an uncontrolled first-passage-time prob-
lem. Three theorems are presented. The first two give, under mild assumptions,
a general and more specific optimality equation for the risk-sensitive homing
problem. The third characterizes, under linear/quadratic assumptions, the
solution to the optimality equation by a first-passage-time problem.

We assume the state equation for the homing problem to be the following
stochastically driven vector differential equation:

(3) dx = f(x, u, t)dt + N'"*dW.

Here, f is a prescribed n-vector function and W is Brownian motion with zero
mean and power density I, the identity matrix.

The optimization problem is tackled by dynamic programming methods. The
future infimum expected cost function from time ¢, F, is defined as

@) F(x,1) = inf [(~ 1/6)log E. (exp(— 8C(1)) | x (1) = x)]

where C(t) is the cost incurred from time f:
c(t)= f g(xu,0)dt + K(x(r))  (x(r)€D)

C(t)= K(x(7)) (x(r)ED).

However, one begins by forming the dynamic programming equation for the
quantity

(6) F* = exp(~ 0F) = ext E, (exp(— 60C(1))| x(1) = x)

©®)

where

ext = sup 06=0)

ext = inf (6 <0).






